The validity of on applying the shell theory to single layer graphitic structures, such as buckball, single-walled carbon nanotube and so on is discussed by analyzing the results obtained from the first-principles calculations. It is shown that the classic shell theory based on 3-dimensional (3D) isotropic materials is inapplicable to describe the elasticity of the single layer graphitic structures, while a generalized shell theory based on 2D isotropic materials holds. The reasonable concepts in the elastic theory of single layer graphitic structures are rigidity coefficients rather than the Young's modulus and Poisson ratio.
INTRODUCTION
The discovery of C 60 and carbon nanotubes has greatly promoted the study of nanosciences. C 60 , so called buckball has a football-like structure. A single-walled carbon nanotube (SWNT) can be regarded as a graphitic sheet with hexagonal lattices that is wrapped up into a seamless cylinder with diameter in nanometers and length from tens of nanometers to several micrometers if we ignore its two end caps. C 60 and SWNT are single layer graphitic structures that raise a controversial question on the definition of their thickness. Different thickness influences our discussion on their mechanical properties. For example, some researchers 1 2 take 3.4 Å, the layer distance of bulk graphite, as the thickness of the SWNT and obtain the Young's modulus about 1.0 TPa. Others [3] [4] [5] define an effective thickness (about 0.7 Å) by admitting the validity of elastic shell theory in nanometer scale and obtain the Young's modulus about 5.0 TPa. It is necessary to discuss the justification of applying the elastic shell theory in the nanometer scale.
As pointed in our previous work, 5 the elasticity of single layer graphitic structures belongs to the domain of nanomechanics intermediating between micromechanics (i.e., quantum mechanics) and macromechanics (e.g., classic elastic theory). The treatment process is divided into two steps: First, calculate the variation of microscopic electronic energies caused by the structure deformations, 6 and second, derive the corresponding deformation energy * Author to whom correspondence should be addressed.
with classic elastic theory and compare the relation between the two energies. However, is it always possible to do this procedure? In other words, is it equivalent for both energies in form? The purpose of this paper is to check these fundamental questions carefully by the aid of the first-principles calculations.
The rest of this paper is organized as follows. In Section 2, we look through the classic shell theory based on 3-dimensional (3D) isotropic materials and propose a general shell theory based on 2D isotropic materials. In Section 3, we calculate the energy of a single layer graphite, SWNTs and C 60 using the ABINIT package 7 within the framework of density functional theory (DFT) 8 9 and check which shell theory is more applicable to describe the elasticity of single layer graphitic structures. A brief summary is given in the conclusion section.
SHELL THEORY
To describe the elasticity of a thin solid shell consisting of 3D isotropic materials, we merely need to know the curvatures and in-plane strains of its middle surface. The elastic energy per unit area of the shell is expressed as:
where Y , , and h are, respectively, the Young's modulus, the Poisson ratio and the thickness of the shell. H and K
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are the mean curvature and the Guassian curvature of the middle surface. 2J and Q are the trace and determinant of the in-plane strain tensor, respectively. For thin shells consisting of 2D isotropic (i.e., in-plane isotropic) materials, we assume the free energy per unit area is an analytical function without breaking the symmetry between H and −H , J , and −J . If expanding the free energy per unit area up to the second order terms of curvatures and strains under the above assumptions, we have
where k c and k d are the bending rigidity and in-plane stiffness of the shell, respectively. c and d are two material-dependent coefficients. Obviously, if k c = Yh (2) is degenerated into Eq. (1). Therefore, the shell consisting of 3D isotropic materials is just the special case of that consisting of 2D isotropic materials.
The 2D graphitic structures including C 60 , SWNT, etc. comprise lots of hexagons and a small quantity of pentagons and heptagons. Since pentagons and heptagons is close to the hexagons in shapes, the 2D graphitic structures have approximately local hexagonal symmetry. In fact, 2D structures with hexagonal symmetry are 2D isotropic.
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Thus we expect the elasticity of 2D graphitic structures can be reasonably described by Eq. (2), the shell theory of 2D isotropic materials. Whether the classic shell theory of 3D isotropic materials can describe the elasticity of 2D graphitic structures or not depends on whether c = d holds or not. We will check this condition by firstprinciples calculations in the next section.
VALIDITY OF SHELL THEORY TO 2D GRAPHITIC STRUCTURES

k d and d
Above all, we use the ABINIT package to optimize the structure parameters and calculate the elastic constants of a single layer graphite. The parameters of the initial super unit cell are a = b = 4 633 bohr and c = 20 bohr. The layer distance c is fixed in the optimization process. The calculations are carried by taking Troullier-Martins pseudopotentials, 12 plane-wave energy cutoff 40 Hartree, and 8×8×1 Monkhorst-Pack k-points 13 in Brillouin-zone. The exchange-correlation energy are treated within the local-density approximation in the Ceperley-Alder form 14 with the Perdew-Wang parametrization. 15 The optimized parameter is a = b = 4 631 bohr which gives the bond length 1.414 Å. We calculate the elastic constants adopting the optimized parameter. The elastic constants are defined by
where E is the deformation energy and i i = 1 2 6 follows the notation in Ref. [ 
k c and c
First, we optimize the structure and calculate the energy of different kinds of SWNTs. J and Q can be derived from the bond length change of the optimized SWNTs relative to the single layer graphite. The radius R of the SWNTs can be directly measured from the optimized structure. The curvature energy per unit area can be calculated from the total energy minus the strain energy and the reference energy per unit area of the single layer graphite. J , Q, R, and the curvature energy per unit area Table I . From Eq. (2) we have the curvature energy per unit area E c = k c / 2R 2 for tubular structures. Figure 1 shows the relation between R and E c , where the numerical data can be well fit by formula E c = 0 65/R 2 , which implies k c = 1 30 eV.
To obtain c , we calculate the strains and the derived curvature energy per unit area of C 60 . Comparing the Table I . Parameters and curvature energy per unit area of the optimized SWNTs.
3.40 0.0575 (6, 6) 0.016
4.07 0.0407 (7, 7) 0.012
4.75 0.0301 (8, 8) 0.010
5.42 0.0230 (9, 9) 0.008 −6 2 × 10 −6
6.10 0.0180 (10, 10) 0.007 −3 9 × 10 −6
6.77 0.0144
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Validity of the Shell Theory
The classic shell theory based on 3D isotropic materials requires c = d . However, our DFT calculations give c = 1 35 and d = 1 64. We arrive at = 0 32 using c = 1 35 while = 0 18 using d = 1 64. Their error is beyond 40%, which implies the classic shell theory is unreasonable to describe the elasticity of single layer graphitic structures. We must use the general shell theory, Eq. (2), based on 2D isotropic materials to describe it. That is, when we discuss the elastic properties of single layer graphitic structures, we need to only mention the rigidity coefficients k d , k c , d , and c rather than the Young's modulus and Poisson ratio.
It is necessary to check some main results of published papers 3-5 17-22 related to the shell theory. If we only consider the straight SWNTs, the term containing c in Eq. (2) has no effect because K = 0. In this case, we can define the effective thickness, Young's modulus and Poisson ratio of SWNTs as Ref. [3] [4] [5] . The elastic properties [17] [18] [19] [20] [21] merely related the axial deformation of straight SWNTs are still meaningful. The conclusion of the bending SWNTs free of in-plane strains 22 is also unchanged. However, we must discard the concepts of Young's modulus and Poisson ratio if we considering the bending SWNTs with in-plane strains, but replace them with the rigidity coefficients.
CONCLUSION
In the above discussion, we calculate the energy of a single layer graphite, SWNTs and C 60 using the ABINIT package and find that the general shell theory based on 2D isotropic materials is more applicable to describe the elasticity of single layer graphitic structures than the classic shell theory based on 3D isotropic materials. We suggest to discard the concepts of Young's modulus and Poisson ratio, but replace them with the rigidity coefficients k c , k d , c , and d when we investigate the elastic properties of single layer graphitic structures including C 60 , SWNTs, and so on.
